The problem of a nanowires conductivity is studied from a kinetic point of view for quasiclassical Bloch electrons in an electric field. Few statements of problems with cylindrical symmetry for the integro-differential Kolmogorov equation are formulated: the dynamic Cauchy problem and two stationary boundary regime ones. The first is for an empty cylinder with scattering of the conduction electrons on walls, the second takes into account scattering on defects inside the wire. The integro-differential equations are transformed to integral ones and solved iteratively. There are two types of expansions with the leading terms in the right and left sides. The iteration series is constructed and its convergence studied.
Introduction
We consider a problem of a solid nanowires conductivity, which demonstrates an intriguing dependence on temperature and wire diameter that is fundamentally different from its bulk counterpart (e.g. for (Bi) see [1] [2] [3] ). Conductivity is a non-equilibrium phenomenon, therefore we will use a kinetic description of charge carriers, following the idea of Bloch electrons as quasiclassical particles [4] . Having in mind the key element of the theory, a Bloch wave scattering problem [9] , the distribution function (DF) f is interpreted as either a density number of electrons or probability density in phase space Γ with continuous wavenumbers (velocities) approximation.
There are few parameters, typical for electrons in solids, those are: 1. de Broglie wavelength λ = h/p; 2. v -typical velocity, e.g. one that enters Fermi-Dirac distribution function (FDF) as parameter; 3. τ r -transport relaxation time; 4. mean free path: l = vτ r . It is convenient to use dimensionless variables in the phase space Γ. In the next sections, we will imply that the position coordinates are measured in free path l units, while the velocity components are measured in units of v. One of aims of such description may be evaluation of correction to ballistic formula, or, more generally, to reproduce the Landauer regime [4] .
The main motivation of this study is to link the conductivity parameters with temperature, that is achieved by a statement of problem formulation in such form, which includes the FDF distribution as an initial condition or a boundary one. A statement of the problem naturally implies that the conductor geometry is cylindrical for nanowires or other interesting cases, for example a point contact for tunnel microscopy.
For the distribution function, we take the integro-differential Kolmogorov equation [5] that was applied in [7] to the LIDAR problem, in [6] to the neutrons and to X-rays scattering [8] . Its form is presented in Sec. 2, where the collision terms are specified.
As the main mathematical tool of the basic equation solution, we derive an expansion in N -fold scattering series of the Bloch electron distribution function in a conducting domain. We also present a transition to integral equations and compact formulas for the distribution function, in particular, for the first and second iterations in this expansion. We consider a nanowire as a cylindrical waveguide via the choice of the domain geometry and reflective scattering by the walls.
In the Sec. 3, we describe the method of solution via the iterative scheme for the basic integro-differential equation, using the characteristic variables for the differential part, that allows us to transform the equation to an integral one. This problem admits studying transition regimes of switching and pulses of current.
In Sec. 4, we simplify the problem, by switching to the stationary case, which needs different characteristic variables to transform the differential part. We also formulate two problems, one for an empty cylinder with reflecting wall for the case in which the scattering inside the wire is much smaller than at boundary (Subsec. 4.2).
The second problem is closer to the normal temperature regime, when scatterers (e.g. phonons) fill the volume homogenously (Subsec. 4.3). To solve the problem, we expand the DF in series by number of collisions and derive the operator that links the neighboring terms (Subsec 4.5). In this problem, we choose the leading FDF term in the differential part as in [4] which results in the Fredholm equation for the next (first) term for the expansion.
Sec. 5 is devoted to the general iterative construction for the case of = 0, specified to 1-fold and two-fold scattering solutions. Its explicit form allows one to evaluate the averaged values that give the formula for a current through a wire. The paper is concluded by a series convergence theorem at some conditions, that may permit one to estimate the number of terms and error of the corresponding calculation (Sec. 6).
Problem formulation

Kinetic equation and boundary conditions
Let us define the collision integral by the sum of losses by scattering with eventual account of absorption:
and the return term:
so that Kolmogorov kinetic equation for Bloch electron in the phase space { r, v} ∈ Γ under action of electric field E, directed along z, have the form:
where f (t, r, v) is the probability density function over phase space { r, v} ∈ Γ, v = (v sin θ cos φ, v sin θ sin φ, v cos θ) and σ t (z), σ( r, v → v) = σ(γ, z) are total and differential cross section densities per unit volume of a medium. In spherical coordinates of incident θ, φ and scattered θ , φ particles the scattering angle is characterized as follows: cos γ = cos θ cos θ + sin θ sin θ cos(φ − φ ); (4) for elastic scattering (v = v ). We will discuss two problems: initial and boundary regime ones.
Initial problem. The function f (t, r, v) is used as a distribution (generalized function) defined by action on the Schwartz space ψ( r, v, θ, φ) ∈ S, via continuous linear functional (f, ψ) ∈ R. The initial condition for (3) is also represented by a distribution. For example, for an initiation point with fixed velocity, we take:
with a constant V as normalization factor. This means that we built a solution for the probability density as a weak limit (when t → 0) to the δ-function at t = 0. The distribution δ(θ) is chosen as:
ψ ∈ S, and, in a conventional mode, δ( r) = δ(x)δ(y)δ(z). Boundary problem may be used when a conductor is in electric contact with a metal, that is characterized by some given FDF:
Distribution averaging. Electric current as number of particles rate
This is derived in direct applications as an integral by space variables which enter the solution as parameters, used as a receiver (anode) geometry description. Thus, we are concerned with:
The action of the distribution f on S in the case of segmented continuous functions implies the integration with respect to φ, x, y, z. The applications relate to observations (measurements) as the result of averaging procedure, defined by (8) . The expression (8) defines number of particles within a finite domain (∆) of a measurement apparatus and having velocity direction between θ 0 and θ 1 restricted by aperture related to the apparatus window direction.
Our particular aim is the evaluation of number of particles per unit time which enter the round area of radius ρ 0 laying in the plane z = z c (receiver) with center in x = y = 0 and having velocity vectors inclined to z-axis within the angle interval θ ∈ [0, θ 0 ]. Here, an aperture angle θ 0 , restricts possible velocities of particles directions. In the sample case we take here, the receiver domain ∆ has cylindrical symmetry and for the initial direction along z, the function ψ does not depend on θ, φ, so it is defined as zero outside the receiver, and ψ(x, y, z) = 1 for internal points of the domain x 2 + y 2 ≤ ρ 2 0 , z 0 ≤ z ≤ z 0 + ∆t| cos θ| and zero outside, being z 0 the coordinate of anode interface, ∆t -reaction time; for instant reaction:
Similar geometry was used in [8] for application to the problem of X-ray scattering.
Method of solution. N-fold scattering expansion
Cylindrical coordinates
A solution method depends on the conductor geometry and problem symmetry, that in our case of nanowires we have chosen as cylindrical one. Let the scattering cross section depend only on ρ and γ. For such a problem, we take (3) in cylindric coordinates neglecting ∂f ∂φ term, having:
For the first (Cauchy) problem, we take an initial condition, if the external field E is switched on at t = 0:
where f F is the FDF, θ -step (Heaviside) distribution. A solution is searched as a N -fold scattering expansion:
We choose for the leading term f 0 the equation:
which accounts only for losses, and initial condition:
The general approach for solution to the kinetic equation uses the transition to characteristic variables. Let us change variables in (13), putting t = t, v ρ = v ρ , and
Equation (13) is transformed as:
which is directly integrated including arbitrary functional parameter G:
It is useful to introduce a function Q via:
Going back to the original variables results in:
At t = 0,
The function G is found from initial conditions (14):
Iterations construction
For n ≥ 0, the expansion is defined by:
n = 0, 1, ..., with zero initial conditions for n > 0:
Transforming (22) by (15) and plugging its inverse:
into the r.h.s. of (22) yields:
To have a more compact form, we define f n+1 = Qf n+1 , which gives:
where the definition of Q(t , ρ , v ρ ) by (18) and the relation ∂Q ∂t = −σ t Q are used. After integration, one has:
In the original variables, it reads as:
Stationary case
Boundary regime problem
For the next topic, boundary regime problem, we study the stationary kinetic equation in cylindrical coordinates:
where e m E = , f (z, ρ, v) is a DF over phase space { ρ, v} ∈ Γ, v = (v z , v ρ ), ρ = (z, ρ) and σ t (z), σ( ρ, v , v) are total and differential cross section densities per unit volume. The function f ( ρ, v) is used as a distribution defined by action on the Schwartz space ψ( ρ, v) ∈ S, via continuous linear functional (f, ψ) ∈ R. The boundary conditions for (29) is represented by a distribution, this paper choice is restricted by:
where
is the Fermi-Dirac electron DF. The energy H = mv 2 /2 for quasi free Bloch electron, H F -Fermi energy, T -temperature. This means that we have constructed a solution for the probability density with the boundary conditions as a weak limit (when z → 0).
Stationary problem solution for empty cylinder with reflecting wall
Let us change the variables in (29) as:
The inverse transformation reads as:
Hence, for a homogeneous along z elastic scattering at the cylinder wall ρ = ρ 0 , with the differential cross-section:
as a function of the parameter v ρ , simplifies the collision integral, giving the equation:
Taking the equation at the opposite v ρ point and combining the results, yields:
Transition to the variables (31) first gives: ∂f
and, secondly:
The direct integration results in the first case as:
while the second one yields in:
Solving the equation: ρ + v ρ v z + 2 (τ + ρ ) − ρ 0 = 0 with respect to τ , we obtain:
which defines the only zero value of the δ-function argument. We plug it into (40), using δ(
and return to original variables by (32):
We introducet = ρ 0 − ρ v ρ , then, inside the interval τ 0 ∈ [0, z − ρ + v ρ v z ], we write:
and
Its border values are:
The first one gives the condition:
which is equivalent to either relation:t = 0, that fix the point
or defines a hyperbolic curve in velocity space for each ρ
The second one also defines the curve:
Both curves determine the integration domain for a mean value of DF in velocity subspace evaluation as in Sec. 2.3. The symmetry of the boundary regime with respect to reflection v ρ → −v ρ yields:
while (30) gives: 
The final step gives the DF:
Stationary problem for cylinder filled with scatterers
In this section, we suppose that the scattering inside the wire admits homogeneous distribution along z (l λ B ), looking for the further simplification. Let f (ρ, v z , v ρ ) be a distribution function for Bloch electrons, that solves the equation (cf. (29)):
Adding to the expression (33) the term that model elastic scattering with a given dependence on the only scattering angle inside the cylinder, we have:
Simplifying the model by σ 0 (γ) = σ 0 and plugging (47) in (29) gives:
After integration, in collision terms with δ(f (τ )) = j δ(τ − τ j ) |f (τ j )| account, we write:
where:
For this case, the characteristic variables are defined by the direct transform:
and the inverse one as:
This gives:
where now:
Integrating, we arrive at the integral equation:
In primary variables, it is:
Changing the variable of integration as rv ρ = t, v ρ > 0, yields:
with v z+ under square root.
Alternative expansion for stationary case
Neglecting the longitudinal inhomogeneity (the second term) in (34) let us study it as the basic equation. The structure of the integro-differential equation and physical sense of its terms in conditions of constant current suggest an alternative expansion with the leading term in the l.h.s. [4] . A solution is searched as an expansion (12), but we choose for the link between f 0 and f 1 , the equation:
taking the FDF distribution for f 0 inside the cylinder of radius ρ 0 :
Differentiating in the l.h.s., and switching to angle variables in collision integral as in (13), one has:
Equation (61) is the Fredholm II integral equation with continuous kernel for the function f 1 . The theory of such equations guarantee the existence and methods of its solution outside the integral operator spectrum, which depends on details of the kernel σ( ρ, γ) behavior and needs special investigation after the kernel (cross-section) is specified for given material.
Approximate solutions
N -fold iteration ( = 0)
In this section, we consider the problem of zero field transport for conductors contact pulse current excitations as a Cauchy problem. Let us return to the spherical coordinates for the basic equation (3) . Integration and transformation yields:
f n t − τ, x − τ sin θ cos φ, y − τ sin θ sin φ, z − τ cos θ, θ , φ sin θ dθ dφ dτ, (62) where
This expression defines the recurrence operator:
the form of which determines the properties of approximate solutions and convergence of the multiple scattering series (12). The basic equation for f 0 is integrated as:
The functional parameter G is found from initial conditions (see (5)), modeling a point pulse contact:
that results in:
For the first iteration, f 1 one obtains from (62):
Similar expressions are obtained and interpreted in the case of N -fold scattering terms, the two-fold one is presented in the following sections.
One-fold scattering for a point receiver
As mentioned above, the integrand in (68) is considered as distributions on Schwartz space S of functions x, y, z which depend on φ, θ, τ as parameters. For example, f 1 acts on an element ψ( r) ∈ S as:
σ(cos θ, τ cos θ + t − τ )ψ(τ sin θ cos φ, τ sin θ sin φ, τ cos θ + t − τ )dτ dφ, (69) where ψ describes a receiver. It is determined in Sec. (2.2) as ψ( r) = 1 at:
From the definition (8) for the forward scattering and aperture angle θ 0 we have:
Therefore, we get for (68) when going to the intensity of a point receiver that we do as the limit:
or, plugging f 0 , one has:
The area of integration lies between the horizontal lines z = z 0 , z 0 + ∆z and inclined lines z = cos θ 0 + a and z = cos θ 0 + b, where a, b are boundaries of domain, filled with scatterers under consideration: e.g. a "cloud" of defects. The vertical line marks a current pulse arrival time z = t. In the case of a fixed angle θ 0 , z = τ (cos θ 0 − 1) + t, τ = (cos θ 0 − 1) −1 (z − t), hence the argument of the δ-function is:
The second argument of the scattering amplitude σ is therefore:
The result of 1-fold scattering for zero angle for the point receiver is almost trivial from a geometrical point of view, the arriving pulse is infinitely short. The expression for intensity contains natural spherical divergence, exponential decay due to absorption and forward scattering in a level inside the layer: 
where the function ψ have nonzero components if:
|x| ≤ ∆x = ∆ 1 , |y| ≤ ∆y = ∆ 2 , |z| ≤ ∆t| cos θ| = ∆ 3 , and 0 outside the domain. Plugging f 1 from (68) yields: σ(cos θ, τ cos θ + t − τ )ψ(τ sin θ cos φ, τ sin θ sin φ, τ cos θ + t − τ )dτ sin θdφdθ. (74)
Alternative variables of integration. One-and two-fold solutions for a point receiver
Let us change the variables of integration, having in mind more convenient (compared to [7] ) description of the integration domain and limiting procedure: x = τ sin θ cos φ, y = τ sin θ sin φ, x = τ cos θ + t − τ. (τ 2 sin θ 2 cos φ 2 − x) 2 + (τ 2 sin θ 2 sin φ 2 − y) 2 + (t − (1 − cos θ 2 )τ 2 − z) 2 sin θ 2 dθ 2 dφ 2 dτ 2 dzdxdy,
The corresponding intensity from 2-fold scattering for a layer of scatterers is shown at Fig. 3 . 
The series generated by r.h.s. of the inequality (84) converge because: lim n→∞ n 2 3n−1 σ n exp [−σ min t]π n−1 t n−3 (n − 1) 2 ((n − 1)!) 1/3 → 0.
(root test). Therefore, the radius of convergence is infinity.
